Abstract -In recent years, Support Vector Machine (SVM) has become a very dynamic and popular topic in the Neural Network community for its ahilities t o perform classification, estimation, and regression. One of the major tasks in the SVM algorithm is t o locate the discriminant boundary in classification task. It is crucial t o understand various approaches t o this particular task. In this paper, we survey several different methods of Anding the boundary from different disciplines. In particular, we examine SVM from the statistical learning theory, the Convex hull problem from the Computational Geometry's point of view, and Gabriel graph from the Computational Geometry perspective t o describe their theoretical connections and practical implementation implications. Moreover, we implement these methods and demonstrate their respective results on the classification accuracy and run time complexity. Lastly, we conclude with some discussions about these three different techniques.
I. Introduction
Given a data set which contains the data belonging to two or more different classes, either linearly separable or nonseparable, the problem is to find the optimal separating hyperplane (Decision Boundary) to separate the data according to their class type. Support Vector Machines (SVMs) have attracted wide interest as a mean to implement structural risk minimization for the problem of classification and regression estimation introduced by V a p nik in the late seventies [8] . This led to a recent explcsion of applications and deepening theoretical analyses, that has now established SVMs along with neural networks as one of the standard tools for machine learning and data mining. There are three key points needed to understand SVM: (1) maximizing margins, (2) the dual formulation, and (3) kernel functions. Most people intuitively grasp the idea that maximizing margins should help improve generalization. Kernel functions are used to solve the problems in high-dimensional space. But changing from the primal to dual formulation is typically black magic for those unfamiliar with duality theory. If the primal problem P has its dual promblem, it means the solution of one problem could be recovered from that to the other. For example, Lagrangian Dual problem is formulated with the Lagrangian dual objective function which statisfies the constraints of the primal problem, and maintains any other constraints within the data set. To better understand SVMs, a geometric interpretation from the dual perspective along with a mathematically rigorous derivation of the ideas behind the geometry, can be useful.
Convex hull could be a simple intuitive geometric explanation of SVM [Z]. The convex hull of a set of points is the smallest convex set which contains all the points. It is also the fundamental construction for mathematics and computational geometry. It turns out that finding the nearest points of the two convex hulls is similar to finding the separating hyperplane with maximum margin in the SVM case [2].
From [l], we know that Convex hull could be used to solve many problems, such as half space intersection, Delaunay triangulation, Voronoi diagrams, etc.
The Voronoi diagram and Delaunay triangulation are two of the possible representations for K-Nearest neighbor rule. The K-Nearest neighbor rule can be seen as the non-parametric decision rule which needs no prior knowledge of the distributions 131. Decision rules are used in many areas such as pattern recognition and database. They are used to determine the class membership for a point based on some computational measurements for the point. Despite simplicity and good performance of K-Nearest neighbor rule, the traditional criticism of the method is that it needs a large storage space for the entire training data and the necessity to query the entire training set in order to make a single membership classification. As a result, there has been considerable interest 0-7803-7278-6/02/$10.00 02002 IEEE in editing the training set to reduce its size.
Just like SVMs choose support vectors which are a small part of the whole training set to find the separating hyperplane, different proximity graphs (such as Delaunay triangulation and Gabriel graph) provide efficient geometric apparatus for solving the problem and find the decision boundary. The Gabriel graph of a set of points is a subgraph of Delaunay triangulation for that set, which is a dual of Voronoi diagram [3] .
This paper tries to bring all these concepts to a unified application domain. We use Convex hull to be a bridge which connects SVM and Gabriel graph. Both of them could be used in the classifier and have a good performance not only on accuracy but also on time complexity. We also performed experiments to show the performance the two methods and made the discussion of their advantages and drawhadrs.
In the next section, we will present the three main concepts for comparison: (1) SVM, ( 2 ) Convex hull, and (3) Gabriel graph. In Section 3, we conduct a series of experiments that will use the different data sets and demonstrate the performance of the different methods. The discussion of these results is in Section 4. Lastly, we conclude and make some final remarks in Section 5.
Related Background
In this section, we plan to take a survey on three different concepts for finding the separating hyperplanes in a data set. These concepts come from different disciplines in Computer Science, ranging from Computational Ge ometry to statistical learning theory. We want to show the similar relationship among these different concepts arising from different disciplines.
We will start with the simplest caselinear separable data. Later we will see that the analysis for the general case, nonlinear-separable data , results in a very similar programming problem.
A. Support Vector Machine
Given the training data, zi,y,, i = 1 , . . . , 1 , y, E {-1, l}, z, E R", suppose there exists a hyperplane which could separate the positive from the negative data set. It means that the points z which lie on the hyperplane satisfy w.z+b = 0, where w is normal to the hyperplane, lbl/ llwil is the perpendicular distance form the hyperplane to the origin, and llwil is the Euclidean norm of w . Define the margin is the sum of the distance of the separating hyperplane to the closest positive and negative points For solving high dimension problems, S V M maps the space of covariates X to a Hilbert space ' U of a higher dimension (maybe infinite), and fits an optimal h e a r classifier in 'U.
It does so by choosing a mapping function @R"+'U in such a way that $(x) . g ( y ) = K ( z , y) for some known and easy to evaluate set of functions, K . Sufficient conditions for the existence of such a map are provided by the Mercer's theorem [Si.
An example of the mapping function can be described as follows. Set &,j = y i y j K ( x i , x j ) , such that a . y = 0, 0 5 ai 5 C , i = 1 , . . . , m. Due to the new mapping fimction, the objective function is changed as follows 
B. Convex hull
The separating plane is the hyperplane which is orthogw nal to the line segment and bisects the line segment which connects the nearest points of the two convex hulls of the data sets.
In Fig. 2 , the convex hull of class A(B) consists of all the points which could be written as convex combination of the points in A ( B ) . A convex combination of points in A,u, is denoted by u=CiGA pizi, where i E A ,pi 2 0, and CiEp pi=1 and the convex combination of the points in B, w, IS denoted by w=CjeB p j x j , where j E E , P j 2 0, and C j E B &=1. Assume U is the convex hull of A, V is the convex hull of B [7] .
The problem of finding two nearest points in the convex hulls could be written as follows: Gabriel graph can he computed by discarding edges from Delaunay triangulation. However, according to the time consumed, this approach to obtain the Gabriel graph is not a very attractive one when number of dimensions is large.
C. Gabriel graph
In K-Nearest neighbor classification, we classify an object (point) in &dimensional space according to the dominant class among its k-nearest neighbors from the training data set. It is useful if we can find some representatives from the training set to classify new point while preserving a high accuracy. Both Voronoi diagram and Gabriel graph can be used for such purpose. The general idea is found in (31. A Voronoi diagram is a partition of special points into regions such that each region consists of points closer to one particular node than to any other nodes. For example, a set of points P := p l , p z , ... such that for each cell corresponding to point p i , the points q in that cell are nearer to p i than to any other point in P. In other words, the points q satisfies the following inequality: d i s t ( q , p , ) , Pi,Pj E P , j # i.
Therefore, a new point in a Voronoi region must be closer to the region's node than to any other nodes. So, we can assign the new point to the class represented by the region's node. Moreover, the boundaries of the Voronoi regions separating those regions whose nodes are of different class can be used as the decision boundary of the clas- Fig. 3 . Gabriel graph sifier. However, it is clear that the nodes whose boundaries did not contribute to the decision boundary are redundanc and can be safely deleted from the training data.
Gabriel graph of a set, S, of points has an edge between points p and q in S if and only if the diametral sphere of p and q does not contain any other points. The resulting points from the above process make up of the Gabriel edited set. We shall see that decision boundary can he constructed from those Gabriel neighbors (p and q ) such that p and q are of different classes (see Fig. 3 ).
The Gabriel edited set is always a subset of the Voronoi edited set because of the fact that a Gabriel graph of a set of points is a subgraph of Delaunay triangulation for that set. Thus, Gabriel editing which is the procedure of finding the Gabriel neighbors, reduces the size of the training set more than Voronoi editing. Although, the resulting Gabriel editing does not preserve the original decision boundary, the changes occur mainly outside of the zones of interest.
The Gabriel editing algorithm can he formulated as follows:
1. Compute the Gabriel graph for the training set. 2. Visit each node, marking it if all its Gabriel neighbors are of the same class as the current node.
3. Delete all marked nodes, exiting with the remaining ones as the edited training set. Clearly, the Gabriel graph can be computed by brute force if for every potential pair of neighbors A and B ,
we just verify if any other point X is contained in the
where Lz is the square of the distance between the two points. Table I operations. Hence the overall average complexity of the algorithm is 0(dn3).
Experiments and Results

A. Time Complexity
Rom Table I , we see that Gabriel graph is more stable in different cases (linear-separable or nonlinear-separable cases and different data sets) but has poor performance with data having high dimension. Even now we have not found an exact way to measure the iterations that the algorithm will take to compute the optimal solution. In other words, the result of SVM is data-sensitive, i.e., it changes with different data sets. The dimension has little effect on SVM.
The worst case for SVM is that the algorithm of SVM drives the criterion function to the optimum solution in O ( F ) iterations. In each step it will take O(nlogn) time to determine whether the result satisfies the constraints for the optimal solution. Although this does not happen often in the real world, it is a point to consider when implementing the algorithm.
The following empirical experiments evaluate the performance of SVM and Gabriel graph on two simple data sets: (1) Iris data set and (2) Spiral data set. First, we use Libsvm [5] , an integrated software for support vector classification, (C-SVC, nu-SVC), regression (epsilon-SVR, nu-SVR) and distribution estimation (oneclass SVM). It supports multi-class classification. The basic algorithm is a simplification of both SMO by Platt and SVMLight by Joachims. It provides both C++ and Java source codes. Second, we implement the Gabriel graph [3] algorithm with Matlab. We run the two algorithms under WINNT operating system and record the result. In these experiments, the SVM parameters are set according to The Iris data set consists of four measurements made on each of 150 flowers. There are t h e e pattern classes: Virginica, Setosa, and Versicolor corresponding to three different types of Iris. In this case, the reference set consists of 150 feature vectors in 4-space each of which is assigned to one of the three above mentioned classes. In these experiments, we only choose two features of the two classes (Iris-setosa and Iris-versicolor) of the Iris data: petal length and petal width as the test data. Table 111 shows the results when the Gabriel graph algorithm and SVM are applied to the Iris data. We record the number of support vectors and the size of Gabriel edited set.
In the second example, we illustrate the two methods on a two-spiral benchmark problem. The training data with two classes indicated with the different labels are in a two dimensional input space. (see Fig. 4 and Fig. 5 )The excellent generalization performance is clear from the decision boundaries shown in the two methods' experiment. The results are shown in Table 111 .
IV. Discussions
As described in above sections, the Convex hull could be one intuitive geometric explanation for SVM and it also can be used to solve the Voronoi diagram problem. In fact, the edited set of Voronoi diagram is the super set of the edited set of Gabriel graph. There exist some relationships between SVM and Gabriel graph. 2. Use the Gabriel graph algorithm to reduce the size of the training data.
3. Using the SVM's optimization steps to obtain the solution t o the quadratic problem and find the separating plane.
As a result of applying the steps above, the reduced training data will accelerate the convergence speed of finding the optimal quadratic solution.
Obsemation #Z Moreover, the Gabriel graph's formulation is more rigid in the sense that it is not parametrizable so that there is only a single solution to Gabriel graph for a given input set. On the other hand, SVM can be parameterized to achieve different results for a given input set. For example, error penalty can be modified to suit a user's requirement. Nonetheless, the Gabriel graph algorithm provides a stable solution which can be used as a reference to 0-7803-7278-6'02/$10.00 02002 IEEE 244 evaluate the average c a e of some SVM algorithms.
Observation #3 For the simple case, we can observe that SVM and Gabriel graph could solve the problem perfectly, if we select the proper parameter for SVM.
V. Conclusion
In this paper, we have demonstrated how the SVM and Gabriel graph can be used for solving the classification problem. Moreover, we have tried to show the relationships among these two algorithms. The Gabriel graph will render a superset of the SVM results through empirical observations. We could try to improve SVM's performance in general by using the Gabriel graph's training data set reduction algorithm. In light of this, we plan to investigate the following in the future:
1. Given the same input data set, compare which algorithm is faster and more accurate in obtaining the optimal decision boundary. 2. Theoretically prove that support vectors are the subset of Gabriel edited set.
